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Abstract
A Whitney modification set in R is a set of the form E ∪ F(W), where E is a nonempty closed set in R, W is a Whitney
decomposition of R \ E, and F(W) consists of centers of intervals inW . We prove that a measure on a Whitney modification set
is doubling if and only if it is the Whitney modification of a doubling measure on R.
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1. Introduction
Let (X,d) be a metric space. Denote by B(x, r) the open ball with center x and radius r > 0. A Borel measure μ
on X is called doubling if there is a constant C  1 such that
0 < μ
(
B(x,2r)
)
 Cμ
(
B(x, r)
)
< +∞
for any ball B(x, r) in X. In this case, μ is said to be C-doubling.
From Vol’berg and Konyagin [4] and Luukkainen and Saksman [2], every complete doubling metric space carries a
doubling measure. In particular, every closed set inR carries a doubling measure. For some further studies on doubling
measures we refer to [3,5].
Let E be a closed set in R. A familyW of closed intervals is called a Whitney decomposition of R\E, if it satisfies
the conditions:
(1) Intervals inW have mutually disjoint interiors.
(2) ⋃I∈W I =R \ E.
(3) There is a constant K > 1 such that K−1 dist(I,E)  |I |  K dist(I,E) for any interval I ∈ W , where
dist(I,E) = inf{|x − y|: x ∈ I, y ∈ E}, |I | denotes the length of I .
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W of R \E, such that X = E ∪F , where F consists of centers of intervals inW . In this case, the set X is denoted by
E ∪ F(W). It is clear that Whitney modification sets are closed and carry doubling measures.
Let X = E ∪ F(W) be a Whitney modification set, ν be a measure on X, and μ be a measure on R. We say that ν
is the Whitney modification of μ to X, if ν ≡ μ on E and ν({x}) = μ(Ix) for each x ∈ F , where and below Ix denotes
the interval inW with center x.
An application of Whitney modification sets can be found in [1], in which Kaufman and Wu proved that if X is
a Whitney modification set and μ is a doubling measure on R, then the Whitney modification of μ to X is doubling
on X. Moreover, they constructed a Whitney modification set, on which some doubling measures are purely atomic
and others have a nontrivial continuous part.
In this paper, we shall prove that if ν is a doubling measure on a Whitney modification set X, then there is a doubling
measure μ on R, such that ν is the Whitney modification of μ to X. Therefore, together with Kaufman–Wu’s result,
we have the following theorem.
Theorem 1. Let X be a Whitney modification set and ν be a measure on X. Then ν is doubling on X if and only if
there is a doubling measure μ on R such that ν is the Whitney modification of μ.
2. The proof of Theorem 1
Let X = E ∪ F(W) be a Whitney modification set and let ν be a measure on X. As mentioned, the ‘if’ part of
Theorem 1 has been proved in [1]. We set out to prove that if ν is C-doubling on X, then there is a doubling measure
μ on R, such that ν is the Whitney modification of μ.
We define a measure μ on R by letting
μ ≡ ν on E and μ|Ix = ρxm|Ix for each x ∈ F, (1)
where ρx = ν({x})/|Ix |, m|Ix is the Lebesgue measure on Ix , μ|Ix denotes the restriction of μ to Ix . Thus, μ is
uniformly distributed on every Ix . Since, by the definition, ν({x}) = μ(Ix) for each x ∈ F , we see that ν is the
Whitney modification of μ.
The main task is to prove that the measure μ is doubling on R. Clearly, 0 < μ(B(x, r)) < +∞ for every ball
B(x, r) ⊂R. It suffices to prove that there is a constant Λ such that
μ(B(x,2r))
μ(B(x, r))
< Λ < +∞ (2)
for any ball B(x, r) ⊂R. Given such a ball B(x, r), the following cases are considered.
Case 1. x ∈ X.
Let A = {y ∈ F : Iy ∩ B(x,2r) 	= ∅}. If A = ∅, then B(x,2r) ⊂ E. By the doubling property of ν on X
μ(B(x,2r))
μ(B(x, r))
= ν(B(x,2r))
ν(B(x, r))
C. (3)
If card(A) = 1, where card(A) denotes the cardinality of A, then, by the construction of X, we have x ∈ F and
B(x,2r) ⊂ Ix . It follows from the definition of μ that
μ(B(x,2r))
μ(B(x, r))
= 2. (4)
Now we prove the inequality (2) under the assumption card(A) > 1. If x ∈ E, then dist(Iy,E)  2r for every
y ∈ A. Since X satisfies the condition (3), we get
|Iy |K dist(Iy,E) 2Kr.
If x ∈ F , then Ix ⊂ B(x,2r) duo to card(A) > 1, so for every y ∈ A,
|Iy |K dist(Iy,E)K
(
dist(Ix,E) + 4r
)
K
(
K|Ix | + 4r
)
 4
(
K2 + K)r.
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definition of μ and the doubling property of ν, we then get
μ
(
B(x,2r)
)
 ν
(
B(x, kr)
)
H1ν
(
B(x,2r)
)
, (5)
where H1 is a constant depending only on C and K .
Next we compare μ(B(x, r)) and ν(B(x, r)). Let Iy,1 = Iy \ B(x, r) and Iy,2 = Iy ∩ B(x, r) for every y ∈ A. Let
A˜ = {y ∈ B(x, r) ∩ F : Iy,1 	= ∅}.
Since x ∈ X, for every y ∈ A˜ we have |Iy,1| |Iy,2|, so μ(Iy,1) μ(Iy,2) by the definition of μ. Therefore
μ
(⋃
y∈A˜
Iy,1
)
 μ
(⋃
y∈A˜
Iy,2
)
 μ
(
B(x, r)
)
,
which yields
ν
(
B(x, r)
)= ν(B(x, r) ∩ E)+ ν(B(x, r) ∩ F \ A˜)+ ν(A˜) μ(B(x, r))+ μ(⋃
y∈A˜
Iy,1
)
 2μ
(
B(x, r)
)
.
It follows from (5) and the last inequality that
μ(B(x,2r))
μ(B(x, r))
 2H1ν(B(x,2r))
ν(B(x, r))
 2H1C.
This proves the inequality (2) for Case 1.
Case 2. x /∈ X but B(x,9r/10) ∩ X 	= ∅.
Pick x∗ ∈ B(x,9r/10) ∩ X. Obviously, we have B(x∗, r/10) ⊂ B(x, r) and B(x,2r) ⊂ B(x∗,4r), so
μ
(
B
(
x∗, r/10
))
 μ
(
B(x, r)
)
and μ
(
B(x,2r)
)
 μ
(
B
(
x∗,4r
))
.
Using the conclusion of Case 1, we get
μ(B(x,2r))
μ(B(x, r))
 μ(B(x
∗,4r))
μ(B(x∗, r/10))
H2,
where H2 is a constant depending on C and K only. Therefore the inequality (2) is also true for Case 2.
Case 3. B(x,9r/10) ∩ X = ∅.
We first prove the following lemma.
Lemma 1. There is a constant H3 depending only on C and K such that
H−13 ρy  ρx H3ρy
for any two adjacent points x, y ∈ F , where, as before, ρx = ν({x})/|Ix |.
Proof. Let x, y be two adjacent points in F . Without loss of generality, assume that |Ix | |Iy |. By the condition (3),
|Ix | |Iy |K dist(Iy,E)K
(|Ix | + dist(Ix,E)) (K2 + K)dist(Ix,E) (K3 + K2)|Ix |.
Thus, Iy ⊂ B(x, (K3 + K2 + 1)|Ix |), which, combined with the doubling property of ν, yields
ν
({y}) ν(B(x, (K3 + K2 + 1)|Ix |)) Csν(B(x, |Ix |/2))= Csν({x}),
where s is a constant depending on K only.
On the other hand, we have Ix ⊂ B(y,2|Iy |) by the assumption |Ix | |Iy |. Therefore
ν
({x}) ν(B(y,2|Iy |))C2ν(B(y, |Iy |/2))= C2ν({y}).
764 X. Wang et al. / J. Math. Anal. Appl. 342 (2008) 761–765Now it follows from the above discussion that
ρy = ν({y})|Iy | 
Csν({x})
|Ix | = C
sρx
and that
ρx = ν({x})|Ix | 
C2ν({y})
|Iy |/(K3 + K2) =
(
K3 + K2)C2ρy.
This proves this lemma. 
Now we prove the inequality (2) for Case 3. We consider two subcases.
1. If B(x,2r) contains at most two points of F , then, by the construction of X, B(x,2r) meets at most four adjacent
intervals inW , i.e., if
Z = {y ∈ F : Iy ∩ B(x,2r) 	= ∅},
then Z contains at most four adjacent points of F . On the other hand, because B(x,9r/10) ∩ X = ∅ is assumed, Z
contains at least one point of F . By the definition of the measure μ, we see that
μ
(
B(x,2r)
)
 4r max
y∈Z ρy and μ
(
B(x, r)
)
 2r min
y∈Z ρy,
which, combined with Lemma 1, gives
μ(B(x,2r))
μ(B(x, r))
 4r maxy∈Z ρy
2r miny∈Z ρy
 2H 33 .
2. If B(x,2r) contains more than two points of F , then, because the set B(x,9r/10) ∩ X is assumed to be empty,
there are two points y, z in F , say y < z, such that x ∈ Iy ∪ Iz. Clearly,
y = sup
{
a ∈ F : a  x − 9r
10
}
and z = inf
{
a ∈ F : a  x + 9r
10
}
.
Without loss of generality, assume that x ∈ Iy . Then |Iy | 18r/10, so B(x,2r) ⊂ B(y,2|Iy |), and so
μ
(
B(x,2r)
)
 μ
(
B
(
y,2|Iy |
))
. (6)
Next we relate μ(B(x, r)) to μ(B(y, |Iy |/2)). Let
L =
[
x − 2r, x − 9r
10
]
∩ F and R =
[
x + 9r
10
, x + 2r
]
∩ F.
Then either card(L) 2 or card(R) 2 and hence, respectively, either |Iy | 22r/10 or |Iz| 22r/10. On the other
hand, observing that Iy and Iz are two adjacent intervals inW , we have
|Iy |K dist(Iy,E)K
(|Iz| + dist(Iz,E)) (K2 + K)|Iz|
and, similarly, |Iz| (K2 + K)|Iy |. Therefore we actually have
max
{|Iy |, |Iz|}H4r,
where H4 is a constant depending only on K . Because x ∈ Iy is assumed, one has [x − 9r10 , x] ⊂ Iy . By the definition
of the measure μ,
μ
(
B(x, r)
)
 μ
([
x − 9r
10
, x
])
= 9r
10
× ν({y})|Iy | 
9
10H4
μ
(
B
(
y,
|Iy |
2
))
. (7)
As the inequality (2) holds for Case 1, it follows from (6) and (7) that
μ(B(x,2r))
μ(B(x, r))
 10H4
9
× μ(B(y,2|Iy |))
μ(B(y, |Iy |/2)) H5,
where H5 is a constant depending only on C and K . The inequality (2) is now proved to be true for Case 3. The proof
of Theorem 1 is thus completed.
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Corollary 1. Let ν be a doubling measure on a Whitney modification set E ∪ F(W). Then the measure μ, defined by
μ ≡ ν on E and μ|Ix = ρxm|Ix for each x ∈ F , is doubling on R.
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